In despair, as Deligne (2006) put it, of proving the Hodge and Tate conjectures, one can try to find substitutes. For abelian varieties in characteristic zero, Deligne (1982) constructed a theory of Hodge classes having many of the properties that the algebraic classes would have if the Hodge conjecture were known. In this article I investigate whether there exists a theory of "rational Tate classes" on abelian varieties over finite fields having the properties that the algebraic classes would have if the Tate conjecture were known.
Introduction
In the absence of any significant progress towards a proof of the Hodge or Tate conjectures, one can instead attempt to attach to each smooth projective variety a Q-algebra of cohomology classes having the properties that the Q-algebra of numerical equivalence classes of algebraic cycles would have if one of the conjectures were true. For a variety X over an algebraic closed field k of characteristic zero, every embedding σ : k ֒→ C gives a candidate for this Q-algebra, namely, the Q-algebra of Hodge classes on σX; the problem is then to show that this Q-algebra is independent of the embedding. Deligne (1982) proves this for abelian varieties.
When the ground field k is of nonzero characteristic p the problem is different. To any smooth projective variety X over k, one can attach Q ℓ -algebras of Tate classes for every ℓ (including p); the problem is to find a canonical Q-structure on the Q ℓ -algebras. The purpose of this article is to examine this question for varieties over an algebraic closure F of F p .
First I write down a list of properties that these Q-structures should have (and would have if Hodge and Tate conjectures were known in the relevant cases) in order to be a "good theory rational Tate classes". Then I prove (in §3) that there exists at most one such theory (meaning exactly one theory). Next I prove that the existence of such a theory would have many of the same consequences for motives that the aforementioned conjectures have.
Then I state a "rationality conjecture", which asserts a compatibility between the partial Qstructures on the cohomology provided by the divisor classes on an abelian variety over F and the Hodge classes on a lift of the variety to characteristic zero, and I prove that the rationality conjecture does imply that there exists a good theory of rational Tate classes on abelian varieties over F. Of course, I hope that the rationality conjecture will prove accessible to proof, and I suggest some possible approaches to it in §7. However, if it isn't, I explain in §8 how much of the theory can be constructed unconditionally.
Notations
Complex conjugation on C is denoted by ι. A CM-algebra E is a finite product of CM-fields. Such an algebra has an involution ι E (sometimes called complex conjugation), which acts nontrivially on each factor, and is such that σ • ι E = ι • σ for every homomorphisms σ : E → C. Sometimes we writeā for ιa or ι E a.
For a smooth projective variety X, A * num (X) denotes the Q-algebra of algebraic cycles modulo numerical equivalence, and D * (X) denotes the subalgebra generated by the divisor classes. The elements of D * (X) are called the Lefschetz classes on X. When X is an abelian variety (or a product of abelian varieties and projective spaces) and H * W is a Weil cohomology theory, the cycle map defines an injective homomorphism D * (X) → H 2 * W (X)( * ) (Milne 1999a, 5 .2). Let k be an algebraically closed field. When k has characteristic zero, we let A = A f × k and H * A (X) = H * et (X, A f ) × H * dR (X). When k has nonzero characteristic p, B(k) denotes the field of fractions of the ring of Witt vectors with coefficients in k, and we let A = A p f × B(k) and H * A (X) = H * et (X, A p f ) × H * crys (X). Let k be an algebraic closure of a prime field, and let X be a smooth projective variety over k. From any model X 1 of X over a subfield k 1 of k finite over the prime field, we get an action of Gal(k/k 1 ) on H 2r (X et , Q ℓ (r)). For any ℓ = chark, we define
and we call the elements of T r ℓ (X) the Tate classes in H 2r (X et , Q ℓ (r)). We define T r crys (X) similarly.
Throughout the paper, I am careless with the statements concerning the relation between the p-cohomologies of a variety and of its reduction modulo p. This will be fixed in the next version.
Fixing this problem will not significantly change any of the main statements.
Numerical and homological equivalence
Throughout this section, F is an algebraic closure of F p .
I assume that the reader is familiar with the basic theory of abelian varieties with complex multiplication as, for example, in Milne 2006 .
The next theorem, together with its proof, is an abstract variant of Clozel 1999. THEOREM 1.1. Let k be an algebraically closed field, and let H * W be a Weil cohomology theory (in the sense of Kleiman 1994, §3) on varieties over k with coefficient field Ω. Let A be an abelian variety over k such that End 0 (A) contains a CM algebra E with the following properties: -H 1 W (A) is free of rank 1 over E ⊗ Q Ω, -there exists a polarization on A whose Rosati involution preserves E and acts as complex conjugation on it, and -Ω contains all conjugates of E in Ω al and admits an involution ι such that ι • σ = σ • ι E for every homomorphism σ : E → Ω. 1 Let R * be a finitely generated graded Q-subalgebra of H 2 * W (A)( * ) such that R 1 contains the divisor classes, R * is stable under the endomorphisms of H 2 * W (A)( * ) defined by Lefschetz correspondences, 2 and dim Q R dim A = 1. Then the product pairings
PROOF. In the proof, we omit writing the Tate twists, and we write H * (A) for H * W (A). Let E be the CM algebra in the statement of the theorem. The homomorphisms E → Ω occur in complex conjugate pairs, and we choose a set Φ of homomorphisms such that
Because H 1 (A) is a free E ⊗ Q Ω-module of rank 1, the space H 1 (A) = σ∈Φ⊔Φ H 1 (A) σ where H 1 (A) σ is the one-dimensional subspace on which E acts through σ.
where I and J are subsets of Φ and ιΦ respectively, and H r (A) I,J def = H r (A) I⊔J is the subspace on which a ∈ E acts as σ∈I⊔J σa -it is of dimension 1. For x ∈ H r (A), let x I,J denote the projection of x on H r (A) I,J . Because the map x → x I,J is defined by a Lefschetz correspondence, 3 it preserves R * (A).
1 The condition means that there is an isomorphism
and that ι and ιE coincide on σE for each σ. If a prime ℓ splits in E, then E ⊗ Q Q ℓ ≃ Q Hom(E,Q ℓ ) Q ℓ , but (obviously) there exists no ι satisfying the condition. 2 The endomorphisms of H * W (A) induced by Lefschetz correspondences are exactly those fixed by the Lefschetz group L(A) of A (Milne 1999a, 4.5) .
3 The Lefschetz group L(A) of A is contained in the torus whose Q-points are 4
Let λ be a polarization of A whose Rosati involution induces complex conjugation on E, and let L be its class in H 2 (A). The isotypic components of L in H 2 (A) are of type (σ, ισ), σ ∈ Φ, and, because L defines a nondegenerate form on H 1 (A) def = H 1 (A) ∨ , each such component is nonzero. For each σ, choose a nonzero element ω σ of H 1 (A) σ . Then (ω σ ) Φ⊔ιΦ is a basis for H 1 (A). We may suppose that the ω σ have been chosen so that the (σ, ισ) component of L is ω σ ω ισ . Denote σ∈I ω σ σ∈J ω σ by ω I,J -it forms a basis for H r (A) I,J . For
where M runs over the subsets of Φ with |M | = g − i. Note that ω M,ιM = σ∈M ω σ ω ισ is Lefschetz, and that
The strong Lefschetz theorem states that, for r ≤ g, the map x → L g−r x : H r (A) → H 2g−r (A) is an isomorphism (Kleiman 1994, §3, p11) . As L and its inverse Λ are defined by Lefschetz correspondences (Milne 1999a, 5.9) , for 2r ≤ g, the map
is an isomorphism. Let I and J be subsets of Φ and ιΦ respectively with |I| + |J| = 2r ≤ g. Let M = I ∩ ιJ, so that there exist I 0 and J 0 for which
If |I ∩ ιJ| = 0, there is nothing to prove. Otherwise, |I ∪ ιJ| ≤ 2r − 1, and there exists a subset N of Φ with g − 2r + 1 elements disjoint from I ∪ ιJ. Then ω I⊔N,J⊔ιN is a nonzero element of R g−r+1 , and so there exists an x ∈ R r−1 such that L g−2r+2 x = ω I⊔N,J⊔ιN . There exists a pair (I ′ , J ′ ) such that -ω I ′ ,J ′ occurs with nonzero coefficient in x, and -ω I⊔N,J⊔ιN occurs with nonzero coefficient in L g−2r+2 ω I ′ ,J ′ . The first condition implies that ω I ′ ,J ′ ∈ R r−1 , and the second implies that
We now prove the theorem. We have to show that, for each r ≤ g, the cup-product pairing
is nondegenerate. We have seen that the two spaces have the same dimension, and so it suffices to show that the left kernel is zero. Thus, let x be a nonzero element of R r , r ≤ g, and suppose that ω I,J occurs with nonzero coefficient in x. It suffices to show that ω I ′ ,J ′ is in R g−r , where I ′ and J ′ are the complements of I and J in Φ and ιΦ respectively. From the last paragraph, we know that ω I,J = ω I 0 ⊔M,J 0 ⊔ιM with ω I 0 ,J 0 in R r−|M | and I 0 , ιJ 0 , and M disjoint. Now 
PROOF. According to a theorem of Honda (see Tate 1968 , Thm 2), there exists an abelian variety A over the algebraic closure of Q in C and an embedding E → End 0 ( A) such that A has good reduction to an abelian variety E-isogenous to A. Let e be a nonzero element of H 1 ( A C , Q), so that H 1 ( A C , Q) = E · e, and let Φ ⊂ Hom(E, C) be the CM-type on E defined by its action on A C . There exists an element a of E such that ι E a = −a and ℑ(ϕ(a)) > 0 for all ϕ ∈ Φ. For such an a, the pairing (xe, ye) → Tr E/Q (axȳ) is a Riemann form on H 1 ( A C , Q) and the Rosati involution of the polarization λ : A C → A t C defined by it induces complex conjugation E. The polarization λ descends to a polarization on A, which reduces to a polarization on A with the same property. See Milne 2006, I 2.9, II 6.7, II 7.9. 1.4 The conclusion of the proposition can be extended to a nonsimple abelian variety A over F as follows: choose an isogeny of A with a product of simple abelian varieties A i ; for each A i , choose a CM subfield E i of End 0 (A i ) containing π A i and of degree 2 dim A i over Q, and let λ i : A i → A t i be a polarization whose Rosati involution induces complex conjugation on E i ; then E 1 × · · · × E n is a CM-subalgebra of End 0 (A), and λ 1 × · · · × λ n defines a polarization on A whose Rosati involution induces complex multiplication ι E on E. Moreover, for any Weil cohomology, H 1 W (A) is a free E ⊗ Q Ω-module (see, for example, Milne 1999a, 2.1) 1.5 Theorems of Artin, Deligne, Grothendieck, and Verdier show that the ℓ-adicétale cohomology is a Weil cohomology theory for ℓ distinct from the characteristic. Let A be an abelian variety over F. Choose the CM subalgebra E of End 0 (A) as in (1.4), and let K be the composite of the fields σE for σ a homomorphism E → C; it is a CM subfield of C, finite and Galois over Q. Let L be the set of prime numbers ℓ = p such that ι fixes the primes of K dividing ℓ. For any ℓ ∈ L and prime λ of K dividing it, the field Ω def = K λ satisfies the conditions of the theorem, and so the theorem applies to H *
The set L includes the set of primes ℓ such that ι|K is the Frobenius element at ℓ, which the Frobenius density theorem (Janusz 1973, IV 5.2) shows to have density 1/[K : Q]. THEOREM 1.6 (CLOZEL 1999). For any abelian variety A over F, ℓ-adic homomological equivalence coincides with numerical equivalence on a set of primes ℓ of density > 0.
PROOF. Take R * to be the Q-subalgebra of H 2 * ℓ (A)( * ) generated by the algebraic classes, and apply (1.1), (1.4), and (1.5). 
PROOF. Let R r ℓ denote the image of R r in H 2r ℓ (A)(r), and let N be the left kernel of the product pairing
→ Q. We can apply the arguments in Tate 1994, §2, with Tate's A r replaced by our R r ℓ (cf. his remark ibid. p77). From our assumptions, there exists an ℓ in the set L of (1.5) such that R r ℓ · Q ℓ = T r ℓ (A). In Tate's terminology, T + E holds for this ℓ, and so (ibid. 2.9) T + E + I hold for all ℓ, i.e., for all ℓ, the map
is an isomorphism and N ℓ = 0. But N ℓ is the image of N in H 2r ℓ (A)(r), and so the image of N in H 2r
A (A)(r) is zero. Hence N is zero, and this completes the proof.
2 ASIDE 1.8. May not need this section -instead use Weil's result that the Frobenius endomorphism acts semisimply on theétale cohomology of an abelian variety. One finds that the conclusion of Theorem 1.7 holds for any abelian variety A over F and graded Q-subalgebra
for a single ℓ (cf. the proof that T + T ′ + S implies everything in Tate 1994, 2.9).
2 The notion of a theory of rational Tate classes
Let k be an algebraically closed field. We shall be interested in classes S of smooth projective varieties satisfying the following condition:
(*) the projective spaces P n are in S and S is closed under passage to a connected component and under the formation of products and disjoint unions.
DEFINITION 2.1. Let S be a class satisfying (*) and, for each X ∈ S, let R * (X) be a finitely generated graded Q-subalgebra of H 2 * A (X)( * ). The family (R * (X)) X∈S is a theory of rational Tate classes on S if it satisfies the following conditions:
(a) for every regular map f :
contains the divisor classes, and (c) for every prime ℓ distinct from the characteristic of k and every X in S, the projection
, and similarly for dR and crys. The elements of R r (X) are called the rational Tate classes of degree (or codimension) r on X for the particular theory.
For any X in S, let A * (X) be the Q-subalgebra of H 2 * A (X)( * ) generated by the algebraic classes. Then A * (X) is finitely generated and graded, and the family (A * (X)) X∈S satisfies (a) and (b) of the definition. If the Tate conjecture is true and numerical equivalence coincides with ℓ-homological equivalence for all ℓ, then it is a theory of rational Tate classes on S.
REMARK 2.2. Let R * be a theory of rational Tate classes on S.
(a) For any two varieties X, Y in S, there is a Q-algebra homomorphism
Therefore, the rational Tate classes can be used to define a category of correspondences, and hence a category of motives (see Saavedra Rivano 1972, VI 4).
In other words, Lefschetz correspondences map rational Tate classes to rational Tate classes. When X is an abelian variety, this implies that, for 2r ≤ dim X, the map
is an isomorphism (Milne 1999a, 5.9 ); here L is the Lefschetz operator defined by a polarization of X.
where t denotes the class of any hyperplane in P n , and, for any X ∈ S, the map (1) is an isomorphism
(e) The product pairings
are nondegenerate (because any element of the left kernel maps to zero in T * ℓ (X) ⊂ H 2 * ℓ (X)( * ) for all ℓ).
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Characteristic zero
Let k be of characteristic zero and of cardinality at most that of C. An element t of H 2 * A (X)( * ) is said to be absolutely rational if, for every embedding σ : k → C, the image of t in H 2 * A (σX)( * ) lies in the Q-subspace H 2 * B (σX)( * ) (see Deligne 1982) . We say that a theory of rational Tate classes on S is good if all rational Tate classes are absolutely rational. The only reasonable candidate for a good theory of rational Tate classes on S is X → B * (X), where B * (X) is the Q-algebra of absolute Hodge classes on X in the sense of Deligne 1982 (see ibid. 2.2). Each B * (X) is a finitely generated Q-subalgebra of H 2 * A (X)( * ), and the family (B * (X)) X∈S satisfies the conditions (2.1a) and (2.1b). Moreover, the projection map H 2r Deligne 1982 2.9b) 4 . When S is the smallest class satisfying (*) and containing the CM abelian varieties over k, it follows from Pohlmann 1968 that the absolute Hodge classes form a good theory of rational Tate classes. When S is the smallest class containing all abelian varieties, the same statement is implied by the Mumford-Tate conjecture.
Characteristic p
Let Q al be the algebraic closure of Q in C. Choose a p-adic prime w of Q al , and let F be the corresponding residue field (so F is an algebraic closure of F p ). Let S(F) be a class satisfying (*) and containing the abelian varieties over F, and let S cm (Q al ) be the smallest class satisfying (*) and containing all CM abelian varieties over Q al . Every X ∈ S cm (Q al ) has good reduction to an X 0 ∈ S(F), and there are canonical isomorphisms H * ℓ (X) → H * ℓ (X 0 ) for all ℓ = p and similarly for de Rham and crystalline cohomology. Hence, there is a canonical reduction map
We say that a theory of rational Tate classes R * for S(F) is good if the image of this map is contained in R * (X 0 ) for every X, i.e., there is a commutative diagram 5 B
A (X 0 )(r). For applications to Shimura varieties (specifically, the conjecture of Langlands and Rapoport), it is important to have a good theory of rational Tate classes.
Of course, one hopes that, for every abelian variety A over Q al with good reduction to an abelian variety A 0 over F, Hodge classes on A specialize to rational Tate classes on A 0 . Note that this would imply the "particularly interesting" corollary to the Hodge conjecture noted in Deligne 2006, §6. 3 Good theories of rational Tate classes over F Throughout this section, S(F) is any class of varieties over F satisfying (*) and containing the abelian varieties, and S av (F) is the smallest such class.
The next theorem, together with its proof, is an abstract variant of Milne 1999b. It shows that for S av , it is possible to replace (2.1c) with a much weaker condition and still have a good theory of rational Tate classes. THEOREM 3.1. For each X ∈ S av (F), let R * (X) be a finitely generated graded Q-subalgebra of H 2 * A (X)( * ). The family (R * (X)) X∈S av (F) is a good theory of rational Tate classes on S av (F) if it satisfies the following conditions: (a) for every regular map f : X → Y of varieties in S av (F), f * and f * map rational Tate classes to rational Tate classes; (b) for every X in S av (F), R 1 (X) contains the divisor classes; (c) for every ℓ = p and X in S av (F), the projection
, and similarly for the crystalline cohomology; (d) every Hodge class on a variety X in S cm (Q al ) specializes to a rational Tate class on X 0 .
Before proving this, I note two consequences, and I review a little of Milne 1999a,b. THEOREM 3.2. There exists at most one good theory of rational Tate classes on S(F).
PROOF. A theory of rational Tate classes R * on S(F) can be used to define a category of motives Mot(F), and for any X ∈ S(F), R r (X) = Hom(1 1, h 2r X(r)). Hence Mot (F) and the map h : S(F) → Mot(F) determine R * . The argument in Milne 1994, 2.7, shows that Mot(F) is generated by the motive of P 1 and the motives abelian varieties, i.e., S(F) and S av (F) give the same category Mot(F). Therefore, if two theories coincide on S av (F), then they coincide on S(F).
Certainly, if R * 1 and R * 2 are two theories of rational Tate classes and one is contained in the other, then they are equal. But Theorem 3.1 shows that if R * 1 and R * 2 are good theories of rational Tate classes on S av (F), then R * 1 ∩ R * 2 is also a good theory of rational Tate classes, and so it is equal to each of R * 1 and R * 2 .
2 THEOREM 3.3 (MILNE 1999b) . If the Hodge classes on CM abelian varieties over Q al specialize to algebraic classes on abelian varieties over F (e.g., if the Hodge conjecture holds for CM abelian varieties), then the Tate conjecture holds for abelian varieties over F.
PROOF. Let A * (X) be the Q-subalgebra of H * A (X) generated by the algebraic classes. Theorem 3.1 shows that A * is a good theory of rational Tate classes.
2
An abelian variety is said to have many endomorphisms if End 0 (A) contains anétale Qsubalgebra of degree 2 dim A over Q. In characteristic zero, an abelian variety has many endomorphisms if and only if its Mumford-Tate group is a torus, and in characteristic p = 0, an abelian variety has many endomorphisms if and only if it is isogenous to an abelian variety defined over F (theorems of Tate (1966) and Grothendieck (Oort 1973) ).
Let A be an abelian variety with many endomorphisms. The centre C(A) of End 0 (A) is a product of fields, each of which is either a CM field or Q. The Rosati involution † of every polarization on A preserves each factor of C(A) and acts on it as complex conjugation. In particular, the restriction of † to C(A) is independent of the polarization. The Lefschetz group L(A) of A is the algebraic group over Q such that, for every commutative Q-algebra R, Milne 1999a, 4.4) . For a Weil cohomology theory H * W with coefficient field Ω and every n ≥ 0, there is a natural action of L(A) on H 2 * W (A n )( * ), and H 2 * W (A n )( * ) L(A) is the Ω-subalgebra generated by the divisor classes (Milne 1999a, 4.5) .
For an abelian variety A in characteristic zero with many endomorphisms, let M T (A) denote the Mumford-Tate group of A. Then M T (A) ⊂ L(A), and for any Weil cohomology theory H * W with coefficients in a field Ω and n ≥ 0,
Fix subfield K of C of the form K = F · Q with F a finite totally-real Galois extension of Q and Q an imaginary quadratic extension of Q. An abelian variety is said to be split by K if End 0 (A) ⊗ Q K is a product of matrix algebras with entries from K. Let A be an abelian variety over Q al split by K and such that every simple CM abelian variety over Q al split by K is isogenous to a subvariety of A. The reduction A 0 of A is an abelian variety over F split by K and every simple abelian variety over F split by K is isogenous to a subvariety of
. These groups are independent of the choice of A K (up to a well-defined isomorphism), and the inclusion C(
Let S K (F) be the smallest class satisfying (*) and containing all abelian varieties over F split by K. The Weil-number torus P K is a subtorus of L K with the property that, for every X in S K (F) and ℓ, the elements of
The next statement is the key to the proof (Milne 1999b, 6 .1) 6 : the subgroups S K and L K of
PROOF (OF THEOREM 3.1). For ℓ = p, let R * ℓ (X) denote the image of R * (X) in H 2 * ℓ (X)( * ). According to (1.1), (1.5), and (2.2b,c), there exists an ℓ such that the product pairings
are nondegenerate for X the abelian variety A 0 above, and hence for every X in S K (F). Choose such an ℓ, and denote it ℓ 0 . Define Mot K (F) to be the category of motives based on S K (F) using the elements of R * ℓ 0 as correspondences. Note that, because the Künneth components of the diagonal are Lefschetz (Milne 1999b, 5 .8), we can modify the commutativity constraint as in Saavedra Rivano 1972, VI 4.2. According to Jannsen 1992, Theorem 1, the nondegeneracy of the pairings (3) implies that Mot K (F) is a semisimple abelian category, and then Deligne 1990, 7.1, shows that it is Tannakian. There is a commutative diagram of Tannakian categories and exact tensor functors, which gives rise to the commutative diagram of fundamental groups on the right, 7 Milne 1999b) . The subgroup M of L K has the property that the elements of H 2 * ℓ 0 (X)( * ) fixed by M Q ℓ 0 are exactly those in R * ℓ 0 (X) · Q ℓ 0 . It follows from Deligne and Milne 1982, 2.21b , that the 6 This is proved loc. cit. under the additional assumption that p splits in Q, but that assumption is unnecessary (see the addendum to the article on the author's web site). 7 The category CM K (Q al ) is the category of motives based on the CM abelian varieties over Q al split by K using the Hodge classes as correspondences, LCM K (Q al ) is similar but uses the Lefschetz classes as correspondences, and LMot K (F) is the category of motives based on the abelian varieties over F split by K using the Lefschetz classes as correspondences.
homomorphisms in the diagram at right are all closed immersions, and so (2) implies that
Because of the hypothesis (c), in fact, equality holds. Thus, for every abelian variety A ′ over F split by K, we know that R * ℓ 0 (A ′ ) spans T * ℓ 0 (A ′ ) and that the product pairings R r ℓ 0
≃ Q are nondegenerate. Now the argument proving that T + E for one ℓ implies T + E + I for all ℓ in Tate 1994 shows that, for all abelian varieties A ′ over F split by K and all ℓ, the map
is an isomorphism and the pairings
are nondegenerate (cf. the proof of Corollary 1.7). From (5), we find that any element in the left kernel of
maps to zero in R r ℓ (A ′ ) for all ℓ, and hence is zero. Therefore, the pairings (6) are nondegenerate, and this in turn implies that R * (A ′ ) → R * ℓ (A ′ ) is an isomorphism for all A ′ and ℓ. Now (4) shows that condition (c) of (2.1) holds for all the varieties in S K (F). On taking the union over all the fields K, we obtain the theorem.
2 ASIDE 3.4. There exist variants of the proof of Theorem 3.1 in the last paragraph. For example, the original proof in Milne 1999b, §7, replaces the appeal to Clozel's argument (our 1.1) with a more elementary argument, and Deligne has explained to me how (in the original case), it is possible to avoid appealing to the theorems of Jannsen 1992 and Deligne 1990. ASIDE 3.5. Hazama (2002 Hazama ( , 2003 claims to prove the following statements:
(a) for certain complex CM abelian varieties A attached to arrangements of hyperplanes in R m , the Qalgebra B * (A n ) is generated by the classes of degree ≤ 2 for all n ≥ 0; (b) every complex CM abelian variety is isogenous to a subvariety of a power of an abelian variety as in (a). These statements have the consequence that, in order to prove the Hodge conjecture for CM abelian varieties, it suffices to prove it codimension 2. When combined with the arguments in this section, they have the consequence that, in order to prove that a theory of rational Tate classes for abelian varieties over F is good, it suffices to prove that Hodge classes of codimension 2 specialize to rational Tate classes (and in order to prove the Tate conjecture for abelian varieties over finite fields, it suffices to prove it in codimension 2). Unfortunately, statement (b) is not proved in Hazama's papers (see Hazama 2003, p644 , where statement (b) is proved only for isotypic abelian varieties), and it is not clear whether we should expect it to be true. Similarly, the consequences just listed are not proven, and it is not clear whether we should expect them to be true either.
Motives for rational Tate classes
We interpret the notion of a (good) theory of rational Tate classes on abelian varieties over F in terms of tannakian categories of motives. PROPOSITION 4.1. Let S be the smallest class of varieties over F satisfying (*) and containing the abelian varieties.
(a) A theory of rational Tate classes R * on S gives rise to i) a semisimple tannakian category Mot(F) over Q whose fundamental group is P ; ii) an exact tensor functor I : LMot(F) → Mot(F) bound by the inclusion P ֒→ L of fundamental groups in Milne 1999b, §4; iii) a tensor functor ω Conversely, from such a system, we obtain a theory of rational Tate classes R * on S by setting
(b) The theory is good if and only if there exists a functor R : CM(Q al ) → Mot(F) bound by the inclusion P ֒→ S in Milne 1999b, §5, such the diagram For the converse, ω ℓ defines an injective homomorphism
and similarly for ℓ = p. These homomorphisms define an injective homomorphism
and it is easy to check that the images of these maps have the properties to be a theory of rational Tate classes using that the fundamental group is P (cf Milne 1994 
The rationality conjecture
In this section, we state a conjecture that has many of the same consequences as the Hodge conjecture for CM abelian varieties but appears to be much more accessible. We let Q al denote the algebraic closure of Q in C, and we let w denote a p-adic prime of Q al with residue field F. CONJECTURE 5.1 (RATIONALITY CONJECTURE). Let A be an abelian variety over Q al with good reduction to an abelian varietyĀ over F. For every Hodge class γ on A and Lefschetz class δ onĀ of complementary dimension, γ f · δ ∈ Q.
Here γ lies in B r (A) ⊂ H 2r A (A)(r) for some r, γ f is the image of γ in H 2r A (A)(r), andγ f is the image of γ f in H 2 * A (Ā)( * ). Note that, ifγ f is in the Q-span of the algebraic classes, or δ lifts to an algebraic class on A, then γ f · δ ∈ Q. In particular, the Hodge conjecture for A C implies the rationality conjecture for A. EXAMPLE 5.2. If A is a CM abelian variety andĀ is simple and ordinary, then the rationality conjecture holds for A and its powers. To see this, note that the hypotheses imply that End 0 (A) ≃ End 0 (Ā), which is a CM-field of degree 2 dim A. This isomorphism defines an isomorphism L(A) ≃ L(Ā) of Lefschetz groups, and hence the map
In other words, every Lefschetz class onĀ n lifts to a Lefschetz class on A n . Therefore Conjecture 5.1 holds for A. PROOF. If γ is algebraic, thenγ f is in the Q-span of the algebraic classes onĀ. But the Lefschetz group L(Ā) acts on the numerical equivalence classes of algebraic cycles, and its fixed space is the subspace of Lefschetz classes. 
For the converse, we shall prove a more precise result. As before, we have a diagram of tannakian categories giving rise to a diagram of fundamental groups, as below:
The group P acts on the elements of LCM(Q al ) through the inclusion P ֒→ T , and we let X P denote the largest subobject of an object X of LCM(Q al ) on which P acts trivially (recall that LCM(Q al ) is a semisimple abelian category whose Hom-sets are finite dimensional Q-vector spaces).
For an abelian variety A over F, choose a lifting of A to a CM abelian variety A over Q al . The motive of A in LCM(Q al ) has a Künneth decompostion,
and we define
One sees easily that R r A has a natural embedding in H 2r A (A)(r). The next theorem will complete the proof of Theorem 5.7.
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THEOREM 5.8. Assume that Conjecture 5.4 holds for all CM abelian varieties over Q al . Then R * (A) is independent of the choice of A (as a subset of H 2 * A (A)( * )), and the family A → R * (A) is a good theory of rational Tate classes on abelian varieties over F.
We prove this in the next section using the machinery of tannakian categories and their quotients. REMARK 5.9. Let A be a CM abelian variety over Q al . For each r,
It follows that there are two Q-structures on H 2r
, namely, its intersection with B r (A) and its intersection with D r (A 0 ). Conjecture 5.4 is the statement that these two Q-structures are equal. REMARK 5.10. Let A be a CM abelian variety over Q al . For each r and ℓ = p,
(for all ℓ = p, and also the analogous statement for p).
ASIDE 5.11. Let ω B be the Betti fibre function on CM(Q al ). For an abelian variety A over F and a CM-lift A to Q al , it may be tempting to define R r A = ω B (h 2r A(r) P ), but this is incorrect. In particular, the crystalline cohomology wouldn't define a fibre functor on the category of motives over F that this gives. However, as we shall see, Conjecture 5.4 implies that there exists a Q-valued fibre functor ω on CM(Q al ) P , not isomorphic to the restriction of ω B , such that R r (A) = ω(h 2r A(r) P ).
ASIDE 5.12. It is conjectured that, in the case of good reduction, every F-point on a Shimura variety lifts to a special point. 8 This conjecture implies that, given an abelian variety A over Q al with good reduction to an abelian variety A 0 over F and a Hodge class γ on A, there exists a CM abelian variety A ′ over Q al and a Hodge class γ ′ on A ′ for which there exists an isogeny
From this it follows that the rationality conjecture for CM abelian varieties implies the rationality conjecture for all abelian varieties (and also Deligne's "particularly interesting" corollary of the Hodge conjecture). ASIDE 5.13. Implications of the rationality conjecture for motivated classes [to be added].
The rationality conjecture implies there is a good theory of rational Tate classes
In this section, the reader is assumed to be familiar with the theory of quotients of tannakian categories (Milne 2005) . Suppose that we have a diagram of tannakian categories and exact tensor functors bound by the diagram of pro-algebraic groups at right,
and that there exists a functor ω A on Mot(F) such that ω A • I = ω A and ω A • R = ω A . 9 We can extend both diagrams as follows:
Here, for example, LCM(Q al ) L is tannakian subcategory of LCM(Q al ) whose objects are those on which L ⊂ T act trivially. These are exactly the objects that become trivial in LMot(F), and the functor R ′ realizes LMot(F) as the quotient of LCM(Q al ) by the subcategory LCM(Q al ) L ; it corresponds to the Q-valued fibre functor
Similarly, the functor R realizes Mot(F) as the quotient of CM(Q al ) by CM(Q al ) P ; it corresponds to the Q-valued fibre functor ω 1 = X → Hom Mot(F) (1 1, RX) on CM(Q al ) P .
The functor J realizes CM(Q al ) as the quotient of LCM(Q al ) by LCM(Q al ) S ; it corresponds to the Q-valued fibre functor
The functor I realizes Mot(F) as the quotient of LMot(F) by LMot(F) P ; it corresponds to the Q-valued fibre functor ω 0 = X → Hom Mot(F) (1 1, IX) on LMot(F) P .
For a fibre functor ω on LCM(Q al ) or a subcategory containing LCM(Q al ) L·S , we let ω| denote the restriction of ω to LCM(Q al ) L·S .
For any
More precisely, ω F (X) = ω B (X) as subspaces of ω A (X). Thus, ω F | = ω B |.
We now drop the assumption that Mot(F) exists, and we attempt to construct it from the rest of the diagram. We want to obtain Mot(F) simultaneously as a quotient of CM(Q al ) and LMot(F), and for this we need Q-valued fibre functors ω 0 on LMot(F) P and ω 1 on CM(Q al ) P satisfying a compatibility condition (implying that the two quotients are essentially the same).
The category CM(Q al ) P is itself the quotient of LCM(Q al ) L by the subcategory LCM(Q al ) L·S ; it corresponds to the Q-valued functor ω 01 on LCM(Q al ) L·S with ω 01 (X) = Hom CM(Q al ) (1 1, JX) = ω B (X).
In other words, ω 01 = ω B |. According to Milne 2005 , to give a fibre functor ω 0 on CM(Q al ) P is the same as to give a fibre functor ω on LCM(Q al ) L together with an isomorphism ω 01 → ω|. In order to get a commutative diagram as in (7), we must take ω = ω F , and so we need an isomorphism ω B | → ω F |. But, in order to get a functor ω A on the quotient CM(Q al )/ω 0 we need this isomorphism to be compatible with the canonical isomorphism of the functors ω A , or, with the identification we are making, we need the isomorphism ω B | → ω F | to be an equality of subfunctors of ω A . In summary, we have shown: THEOREM 6.1. A diagram (7) exists, together with a functor ω A on Mot(F) such that ω A • I = ω A and 10 ω A • R = ω A if and only if
This completes the proof of Theorem 5.8, because "ω B | = ω F | as subfunctors of ω A on LCM(Q al ) L·S " is a restatement of Conjecture 5.4 (cf. 5.9 and 5.10) and in
we have
The first equality follows from the definition of a quotient category, the second is obvious, the third follows from the definition of ω 1 , and the fourth follows from the definition of ω F .
Ordinary abelian varieties
Recall that an ordinary abelian variety A over F has a canonical (Serre-Tate) lifting to an abelian scheme A over W (F) -A depends functorially on A and is the unique lifting such that every endomorphism of A lifts to an endomorphism of A. Let A be the corresponding CM abelian variety over Q al , and let CM ST (Q al ) and LCM ST (Q al ) be the categories of motives based on these SerreTate lifts. The rationality conjecture holds for Serre-Tate lifts (see 5.2). Similar arguments to the above show (unconditionally) that there is a canonical commutative diagram PROOF. Let γ be a Hodge class on a CM abelian variety A over Q al . We shall prove the rationality conjecture by induction the codimension r of γ. If γ has codimension ≤ 1, then it is algebraic and so satisfies the conjecture. Otherwise, let γ have codimension r ≥ 2, and let δ be a Lefschetz class of codimension dim A − r. We may suppose that δ = δ 1 · δ 2 · · · where δ 1 , δ 2 , . . . are divisor classes. Apply (7.1) to (A, γ, δ 1 ). Then γ ′ ·δ ′ 1 is Hodge class on A ′ , and, by induction,
. . is the inverse image of δ 2 , . . . onĀ ′ .
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Let A be a polarized CM abelian variety over Q al . ThenĀ is a polarized abelian variety over Q al , and
Here α → α ′ is the Rosati involution with respect to the polarization. QUESTION 7.3. Let A be a polarized CM abelian variety over Q al , and let γ be a Hodge class on A and δ a symmetric endomorphism ofĀ. Does (Ā,γ f , δ) always lift to characteristic zero (meaning up to isogeny)? Clearly (7.3) =⇒ (7.1). It is not clear that the answer to (7.3) is always positive. For example, if α is an endomorphism of A such that
is not a CM-field, then the isogeny class of (A, α) does not lift to characteristic zero. However, it seems unlikely that such an α can be symmetric. In any case, we would only need (7.3) to have a positive answer for sufficiently many αs.
Second approach (w-rational Hodge classes)
DEFINITION 7.4. A Hodge class γ on an abelian variety A over Q al with good reduction at w is w-rational if γ f · δ ∈ Q for all Lefschetz classes δ onĀ of complementary dimension.
With this terminology, Conjecture 5.1 says that every Hodge class is w-rational. QUESTION 7.5. Is the product of two w-rational Hodge classes w-rational?
In the remainder of this subsection, we assume that the answer is yes, and we attempt to prove that all Hodge classes on abelian varieties with good reduction at w are w-rational. For this, of course, we try to copy the proof Deligne (1982) that all Hodge classes on abelian varieties are absolutely Hodge. From now on, all abelian varieties will be defined over Q al and have good reduction at w.
For an abelian variety A, let R * (A) be the Q-subalgebra of B * (A) of w-rational classes. The Q-algebras of Lefschetz classes are stable under the formation of direct and inverse images with respect to regular maps of abelian varieties, and it follows that same is true of the Q-algebras of w-rational Hodge classes. Moreover, -R 1 (A) contains the divisor classes (in fact, R * (A) contains all algebraic classes), -R * (A) is stable under the endomorphisms defined by Lefschetz correspondences (cf. 2.2b), and -dim Q R dim A (A) = 1 (obviously). LEMMA 7.6. For any nonzero w-rational Hodge class γ on a CM abelian variety A with good reduction at w, there exists w-rational Hodge class γ ′ of complementary dimension such that γ · γ ′ = 0. 
where Ω is the composite of the fields σE for σ is a homomorphism E → Q al . Now the proof of 1.1 applies.
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Note that the proof of (1.1) shows that R * (A) is spanned by classes of the form ω I,J , and that every such class can be written ω I,J = ω I 0 ,J 0 · ω M,ιM with I 0 ∩ ιJ 0 = ∅. PROOF. Use the w-rational Hodge classes on CM abelian varieties to construct a category of motives and then argue as in the proof of Theorem 3.1 (using Jannsen 1992, Theorem 1, and Deligne 1990, 7.1).
It remains to construct enough w-rational Hodge classes to show that G(A) = MT(A). Let E be a CM-field acting on an abelian variety A over Q al . If Lie(A) is a free E ⊗Q al -module of rank t, then the subspace (
consists of Hodge classes -these are the Weil classes 11 on A. We say that the Weil classes are split if there exists a polarization λ on A such that (a) the Rosati involution of λ induces complex multiplication on E, and (b) there exists a split E-hermitian form φ on H 1 (A C , Q) and an f ∈ E × withf = −f such that (x, y) → Tr E/Q (f φ(x, y)) is a Riemann form for λ. PROOF. This is proved in Deligne. Alternatively, one can apply André 1992. Thus, it suffices to prove that the split Weil classes on CM abelian varieties are w-rational. Let A be an abelian variety over Q al with good reduction together with an action of a CM-field E giving rise to a space of split Weil classes (as above). Following Deligne, we consider a maximal family of abelian varieties A → S over a smooth connected variety S (over Q al ) together with an action of E such that the action of E on A defines a space of split Weil classes on each closed fibre A s 1 = A for some closed point s 1 of S. Some member A s 0 of the family will be a product of elliptic curves, and so will satisfy the Hodge conjecture. Therefore, if the elliptic curve has good reduction, then the Weil classes on A s 0 will be w-rational. Unfortunately, this doesn't seem to imply the Weil classes on A s 1 are w-rational. For this, we shall need to consider the reduction of the family (cf. André 2006) , and then look at the sublocus containing s 1 and where a particular Lefschetz class remains Lefschetz.
Third approach (w-Lefschetz classes)
In this approach, we shall try to prove Conjecture 5.4 directly.
For an abelian variety A, let R * (A) be the Q-subalgebra of B * (A) of w-Lefschetz classes. The Q-algebras of Lefschetz classes are stable under the formation of direct and inverse images with respect to regular maps of abelian varieties, and it follows that same is true of the Q-algebras of w-rational Hodge classes. Moreover, -R 1 (A) contains the divisor classes (in fact, R * (A) ⊃ A * (A)), -R * (A) is stable under the endomorphisms defined by Lefschetz correspondences (cf. 2.2b), and -dim Q R dim A (A) = 1 (obviously).
LEMMA 7.9. For any nonzero w-Lefschetz Hodge class γ on a CM abelian variety A with good reduction at w, there exists w-Lefschetz Hodge class γ ′ of complementary dimension such that γ · γ ′ = 0.
PROOF. See the proof of (7.6).
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Note that the proof of (1.1) shows that R * (A) is spanned by classes of the form ω I,J , and that every such class can be written ω I,J = ω I 0 ,J 0 · ω M,ιM with I 0 ∩ ιJ 0 = ∅. PROOF. See the proof of (7.7).
It remains to construct enough w-rational Hodge classes to show that G(A) = MT(A) · L(A) (clearly, G(A) ⊃ MT(A) · L(A)). Again, it is natural to try to deform a pair (A, γ) where γ is a locally w-Lefschetz class on A to a pair (A ′ , γ ′ ) where γ ′ is w-Lefschetz.
Fourth approach (motivated classes)
The idea here is to exploit André's results that Hodge classes on abelian varieties in characteristic zero are motivated, and (using the argument of Milne 1999b ) that all Tate classes on abelian varieties over finite fields are motivated. Since motivated classes are the classes one obtains from inverting the Lefschetz operator L, one may hope:
(a) for a motivated class γ of codimension r, L dim A−r γ is algebraic; (b) (a) can be used to prove that all Hodge classes are w-rational. Unfortunately, (a) appears to be false -the problem is that you need to invert the Lefschetz operator and also take projections. On the other hand, (b) appears more plausible. For example, in the situation of the proof of Theorem 1.1, it is easy write down a lot of ample divisors using the criterion: D is ample of L(D) = 0 and (D dim A ) > 0. [To be continued.]
An unconditional theory
We saw in Section 6, that in order to construct a diagram as in (7), we need an isomorphism ω F | → ω B | of fibre functors on LCM(Q al ) L·S . Such an isomorphism certainly exists -the problem is to find one that is compatible with the canonical isomorphism on the adèlic fibre functors. If one requires that it precisely gives the canonical isomorphism when tensored with A, then one has no choice but to prove Conjecture 5.4 (see §6). However, if one weakens the requirements a little to require that there exists a fibre functor ω A on Mot(F) such that ω A • I ≈ ω A and ω A • R ≈ ω A (isomorphisms rather than equalities), then this can be achieved. I will explain this in the next version of the article.
The problem with this result is that, by using only cohomological calculations, it doesn't seem to be possible to prove 12 that the polarization on CM(Q al ) descends to a polarization on Mot(F), which is crucial for the applications to the conjecture of Langlands and Rapoport (Langlands and Rapoport 1987) . However, by relaxing the condition at a finite prime, one can achieve this. This should suffice to prove a possibly slightly twisted version of the conjecture of Langlands and Rapoport for Shimura varieties of abelian type, and hence a possibly slightly twisted version of the integral formula conjectured by Langlands and Kottwitz (see Milne 1992) .
